The problem of magnetohydrodynamic flow and heat transfer of a viscous, incompressible, and electrically conducting fluid past a semi-infinite unsteady stretching sheet is analyzed numerically. The problem was studied under the effects of Hall currents, variable viscosity, and variable thermal diffusivity. Using a similarity transformation, the governing fundamental equations are approximated by a system of nonlinear ordinary differential equations. The resultant system of ordinary differential equations is then solved numerically by the successive linearization method together with the Chebyshev pseudospectral method. Details of the velocity and temperature fields as well as the local skin friction and the local Nusselt number for various values of the parameters of the problem are presented. It is noted that the axial velocity decreases with increasing the values of the unsteadiness parameter, variable viscosity parameter, or the Hartmann number, while the transverse velocity increases as the Hartmann number increases. Due to increases in thermal diffusivity parameter, temperature is found to increase.
Introduction
Fluid and heat flow induced by continuous stretching heated surfaces is often encountered in many industrial disciplines. Applications include extrusion process, wire and fiber coating, polymer processing, foodstuff processing, design of various heat exchangers, and chemical processing equipment, among other applications. Stretching will bring in a unidirectional orientation to the extrudate, consequently the quality of the final product considerably depends on the flow and heat transfer mechanism. To that end, the analysis of momentum and thermal transports within the fluid on a continuously stretching surface is important for gaining some fundamental understanding of such processes. Since the pioneering study by Crane 1 who presented an exact analytical solution for the steady two-dimensional flow due to a stretching surface in a quiescent fluid, many studies on stretched surfaces have been done. Dutta et al. 2 and Grubka and Bobba 3 studied the temperature field in the flow over a stretching surface subject to a uniform heat flux.
Elbashbeshy 4 considered the case of a stretching surface with variable surface heat flux. Chen and Char 5 presented an exact solution of heat transfer for a stretching surface with variable heat flux. P. S. Gupta and A. S. Gupta 6 examined the heat and mass transfer for the boundary layer flow over a stretching sheet subject to suction and blowing. Elbashbeshy and Bazid 7 studied heat and mass transfer over an unsteady stretching surface with internal heat generation.
Abd El-Aziz 8 analyzed the effect of radiation on heat and fluid flow over an unsteady stretching surface. Mukhopadyay 9 performed an analysis to investigate the effects of thermal radiation on unsteady boundary layer mixed convection heat transfer problem from a vertical porous stretching surface embedded in porous medium. Recently, Shateyi and Motsa 10 numerically investigated unsteady heat, mass, and fluid transfer over a horizontal stretching sheet.
In all the above-mentioned studies, the viscosity of the fluid was assumed to be constant. However, it is known that the fluid physical properties may change significantly with temperature changes. To accurately predict the flow behaviour, it is necessary to take into account this variation of viscosity with temperature. Recently, many researchers investigated the effects of variable properties for fluid viscosity and thermal conductivity on flow and heat transfer over a continuously moving surface.
Seddeek 11 investigated the effect of variable viscosity on hydromagnetic flow past a continuously moving porous boundary. Seddeek 12 also studied the effect of radiation and variable viscosity on an MHD free convection flow past a semi-infinite flat plate within an aligned magnetic field in the case of unsteady flow. Dandapat et al. 13 analyzed the effects of variable viscosity, variable thermal conducting, and thermocapillarity on the flow and heat transfer in a laminar liquid film on a horizontal stretching sheet.
Mukhopadhyay 14 presented solutions for unsteady boundary layer flow and heat transfer over a stretching surface with variable fluid viscosity and thermal diffusivity in presence of wall suction. The study of magnetohydrodynamic flow of an electrically conducting fluid is of considerable interest in modern metallurgical and great interest in the study of magnetohydrodynamic flow and heat transfer in any medium due to the effect of magnetic field on the boundary layer flow control and on the performance of many systems using electrically conducting fluids. Many industrial processes involve the cooling of continuous strips or filaments by drawing them through a quiescent fluid. During this process, these strips are sometimes stretched. In these cases, the properties of the final product depend to a great extent on the rate of cooling. By drawing these strips in an electrically conducting fluid subjected to magnetic field, the rate of cooling can be controlled and the final product of required characteristics can be obtained. Another important application of hydromagnetics to metallurgy lies in the purification of molten metals from nonmetallic inclusion by the application of magnetic field.
When the conducting fluid is an ionized gas and the strength of the applied magnetic field is large, the normal conductivity of the magnetic field is reduced to the free spiraling of electrons and ions about the magnetic lines force before suffering collisions and a current is induced in a normal direction to both electric and magnetic field. This phenomenon is called Hall effect. When the medium is a rare field or if a strong magnetic field is present, Boundary Value Problems 3 the effect of Hall current cannot be neglected. The study of MHD viscous flows with Hall current has important applications in problems of Hall accelerators as well as flight magnetohydrodynamics.
Mahmoud 15 investigated the influence of radiation and temperature-dependent viscosity on the problem of unsteady MHD flow and heat transfer of an electrically conducting fluid past an infinite vertical porous plate taking into account the effect of viscous dissipation. Tsai et al. 16 examined the simultaneous effects of variable viscosity, variable thermal conductivity, and Ohmic heating on the fluid flow and heat transfer past a continuously moving porous surface under the presence of magnetic field. Abo-Eldahab and Abd El-Aziz 17 presented an analysis for the effects of viscous dissipation and Joule heating on the flow of an electrically conducting and viscous incompressible fluid past a semi-infinite plate in the presence of a strong transverse magnetic field and heat generation/absorption with Hall and ion-slip effects. Abo-Eldahab et al. 18 and Salem and Abd El-Aziz 19 dealt with the effect of Hall current on a steady laminar hydromagnetic boundary layer flow of an electrically conducting and heat generating/absorbing fluid along a stretching sheet.
Pal and Mondal 20 investigated the effect of temperature-dependent viscosity on nonDarcy MHD mixed convective heat transfer past a porous medium by taking into account Ohmic dissipation and nonuniform heat source/sink. Abd El-Aziz 21 investigated the effect of Hall currents on the flow and heat transfer of an electrically conducting fluid over an unsteady stretching surface in the presence of a strong magnet.
The present paper deals with variable viscosity on magnetohydrodynamic fluid and heat transfer over an unsteady stretching surface with Hall effect. Fluid viscosity is assumed to vary as an exponential function of temperature while the fluid thermal diffusivity is assumed to vary as a linear function of temperature. Using appropriate similarity transformation, the unsteady Navier-Stokes equations along with the energy equation are reduced to a set of coupled ordinary differential equations. These equations are then numerically solved by successive linearization method. The effects of different parameters on velocity and temperature fields are investigated and analyzed with the help of their graphical representations along with the energy.
Mathematical Formulation
We consider the unsteady flow and heat transfer of a viscous, incompressible, and electrically conducting fluid past a semi-infinite stretching sheet coinciding with the plane y 0, then the fluid is occupied above the sheet y ≥ 0. The positive x coordinate is measured along the stretching sheet in the direction of motion, and the positive y coordinate is measured normally to the sheet in the outward direction toward the fluid. The leading edge of the stretching sheet is taken as coincident with z-axis. The continuous sheet moves in its own plane with velocity U w x, t , and the temperature T w x, t distribution varies both along the sheet and time. A strong uniform magnetic field is applied normally to the surface causing a resistive force in the x-direction. The stretching surface is maintained at a constant temperature and with significant Hall currents. The magnetic Reynolds number is assumed to be small so that the induced magnetic field can be neglected. The effect of Hall current gives rise to a force in the z-direction, which induces a cross flow in that direction, and hence the flow becomes three dimensional. To simplify the problem, we assume that there is no variation of flow quantities in z-direction. This assumption is considered to be valid if the surface is of infinite extent in the z-direction. Further, it is assumed that the Joule heating and viscous dissipation are neglected in this study. Finally, we assume that the fluid viscosity is to vary with temperature while other fluid properties are assumed to be constant. Using boundary layer approximations, the governing equations for unsteady laminar boundary layer flows are written as follows: 
where u and v are the velocity components along the x-and y-axis, respectively, w is the velocity component in the z direction, ρ is the fluid density, β is the coefficient of thermal expansion, μ is the kinematic viscosity, g is the acceleration due to gravity, c p is the specific heat at constant pressure, and k is the temperature-dependent thermal conductivity. Following Elbashbeshy and Bazid 22 , we assume that the stretching velocity U w x, t is to be of the following form:
where b and c are positive constants with dimension reciprocal time. Here, b is the initial stretching rate, whereas the effective stretching rate b/ 1 − ct is increasing with time. In the context of polymer extrusion, the material properties and in particular the elasticity of the extruded sheet vary with time even though the sheet is being pulled by a constant force. With unsteady stretching, however, c −1 becomes the representative time scale of the resulting unsteady boundary layer problem.
The surface temperature T w of the stretching sheet varies with the distance x along the sheet and time t in the following form:
where T 0 is a positive or negative; heating or cooling reference temperature.
Boundary Value Problems 5
The governing differential equations 2.1 -2.4 together with the boundary conditions 2.5 are nondimensionalized and reduced to a system of ordinary differential equations using the following dimensionless variables:
where ψ x, y, t is the physical stream function which automatically assures mass conservation 2.1 and B 0 is constant. We assume the fluid viscosity to vary as an exponential function of temperature in the nondimensional form μ μ ∞ e −β 1 θ , where μ ∞ is the constant value of the coefficient of viscosity far away from the sheet, β 1 is the variable viscosity parameter. The variation of thermal diffusivity with the dimensionless temperature is written as k k 0 1 β 2 θ , where β 2 is a parameter which depends on the nature of the fluid, k 0 is the value of thermal diffusivity at the temperature T w .
Upon substituting the above transformations into 2.1 -2.4 we obtain the following:
where the primes denote differentiation with respect to η, and the boundary conditions are reduced to
The governing nondimensional equations 2.9 -2.11 along with the boundary conditions 2.12 -2.13 are solved using a numerical perturbation method referred to as the method of successive linearisation.
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Boundary Value Problems
Successive Linearisation Method (SLM)
The SLM algorithm starts with the assumption that the independent variables f η , h η , and θ η can be expressed as follows:
. . are unknown functions and f n , h n , and θ n n ≥ 1 are approximations which are obtained by recursively solving the linear part of the equation system that results from substituting 3.1 in the governing equations 2.9 -2.13 . The main assumption of the SLM is that F i , G i , and H i become increasingly smaller when i becomes large, that is,
Thus, starting from the initial guesses f 0 η , h 0 η , and θ 0 η ,
which are chosen to satisfy the boundary conditions 2.12 and 2.13 , the subsequent solutions for f i , h i , θ i , i ≥ 1 are obtained by successively solving the linearised form of equations which are obtained by substituting 3.1 in the governing equations, considering only the linear terms. In view of the assumption 3.2 , the exponential term e β 1 θ can be approximated as follows:
Thus, using 3.4 , the linearised equations to be solved are given as follows:
subject to the boundary conditions
where the coefficient parameters
, and t i−1 are defined in the appendix.
Once each solution for f i , h i , and θ i i ≥ 1 has been found from iteratively solving 3.5 , the approximate solutions for f η , h η , and θ η are obtained as follows:
where K is the order of SLM approximation. Since the coefficient parameters and the righthand side of 3.5 , for i 1, 2, 3, . . ., are known from previous iterations , the equation system 3.5 can easily be solved using any numerical methods such as finite differences, finite elements, Runge-Kutta-based shooting methods, or collocation methods. In this work, 3.5 are solved using the Chebyshev spectral collocation method. This method is based on approximating the unknown functions by the Chebyshev interpolating polynomials in such a way that they are collocated at the Gauss-Lobatto points defined as follows:
where N is the number of collocation points used see e.g. 23-25 . In order to implement the method, the physical region 0, ∞ is transformed into the region −1, 1 using the domain truncation technique in which the problem is solved on the interval 0, L instead of 0, ∞ . This leads to the following mapping:
where L is the scaling parameter used to invoke the boundary condition at infinity. The unknown functions f i and θ i are approximated at the collocation points by
3.10
where T k is the kth Chebyshev polynomial defined as follows:
The derivatives of the variables at the collocation points are represented as follows:
Boundary Value Problems where a is the order of differentiation and D 2/L D with D being the Chebyshev spectral differentiation matrix see e.g., 23, 25 . Substituting 3.9 -3.12 in 3.5 leads to the matrix equation given as follows:
in which A i−1 is a 3N 3 × 3N 3 square matrix and X and R are 3N 1 × 1 column vectors defined by and A ij i, j 1, 2, 3 are defined in the appendix. After modifying the matrix system 3.13 to incorporate boundary conditions, the solution is obtained as follows:
Results and Discussion
In this section, we give the SLM results for the six main parameters affecting the flow. We remark that all the SLM results presented in this paper were obtained using N 30 collocation points. For validation, the SLM results were compared to those by Matlab routine bvp4c and excellent agreement between the results is obtained giving the much needed confidence in using the successive linearization method. Tables 1-3 give a comparison of the SLM results for −f 0 and −θ 0 at different orders of approximation against the bvp4c. In Table 1 , we observe that full convergence of the SLM is achieved by as early as the third order, substantiating the claim that SLM is a very powerful technique. We observe in this table that the variable viscosity parameter β 1 significantly affects the skin friction −f 0 . The skin friction increases as β 1 increases. We observe also in this table that the local Nusselt number −θ 0 decreases as the fluid variable viscosity parameter β 1 increases. The lower part of Table 1 significant effect on the skin friction but very significant effects on the local Nusselt number. As β 2 increases, the skin friction slightly decreases but the local Nusselt number is greatly reduced.
From Table 2 upper part , it is observed that the Hartmann number M tends to greatly increase the local skin friction at the unsteady stretching surface. This is because the increase in the magnetic strength leads to a thinner boundary layer, thereby causing an increase in the velocity gradient at the wall. We also observe that the local Nusselt number decreases as the values of M increase. We observe in the lower part of Table 2 that the local skin friction −f 0 is reduced as the Hall parameter m increases, but the Nusselt number increases as m increases. Table 3 depicts the effects of the unsteadiness parameter S, upper part the Prandtl number Pr lower part on the local skin friction, and the local Nusselt number. We observe that both of these flow properties are greatly affected by the unsteadiness parameter. They both increase as the values of S increase. We also observe in this table that the Prandtl number has little effects on the skin friction but significant effects on the local Nusselt number. The local skin friction slightly increases as the values of the Prandtl number increase, while the Nusselt number is greatly increased as Pr increases. Figures 1-12 have been plotted to clearly depict the influence of various physical parameters on the velocity and temperature distributions. In Figure 1 , we have the effects of varying the variable viscosity parameter β 1 on the axial velocity. It is clearly seen that as β 1 increases the boundary layer thickness decreases and the velocity distributions become shallow. Physically, this is because a given larger fluid β 1 implies higher temperature difference between the surface and the ambient fluid.
The effects of the unsteadiness parameter S on the axial velocity f η are presented in Figure 2 . It can be seen in this figure that when S values are increased, the boundary layer thickness is reduced and this inhibits the development of transition of laminar to turbulent flow. The effect of the magnetic strength parameter M on the axial velocity f η is shown in Figure 3 . It is noticed that an increase in the magnetic parameter leads to a decrease in the velocity. This is due to the fact that the application of the transverse magnetic field to an electrically conducting fluid gives rise to a resistive type of force known as the Lorentz force. This force has a tendency to slow the motion of the fluid in the axial direction. Figure 5 shows the effect of the variable viscosity parameter β 1 on the transverse velocity distribution h η . As shown, the velocity is decreasing with increasing the values of β 1 . In addition, the curves show that for a particular value of β 1 , the transverse velocity increases rapidly to a peak value near the wall and then decays to the relevant free stream velocity zero . The effect of the unsteadiness parameter S on the transverse velocity h η is presented in Figure 6 . From this figure, it is seen that the effect of increasing the unsteadiness parameter S is to decrease the transverse velocity h η greatly near the plate. while for most of the parts of the boundary layer at the fixed η position, the transverse velocity decreases along with decreases in the boundary layer thickness as the magnetic field increases. that for larger values of m, the term σ/ 1 m 2 is very small, and hence the resistive effect of the magnetic field is diminished.
Figures 9 and 10 are aimed to shed light on the effects of variable viscosity and variable thermal diffusivity parameters β 1 and β 2 on the temperature. The distribution θ η increases as β 1 and β 2 increase as shown in Figure 9 and Figure 10 , respectively. This is due to the thickening of the thermal boundary layer as a result of increasing thermal diffusivity. Figure 11 depicts the effect of the unsteadiness parameter S on the temperature profiles. It can be observed that the temperature profiles decrease with the increase of S. In general, it is noted that the effect of S on h η and θ η is more notable than that on f η . 
Conclusion
The problem of unsteady magnetohydrodynamic flow and heat transfer of a viscous, incompressible, and electrically conducting fluid past a semi-infinite stretching sheet was investigated. The governing continuum equations that comprised the balance laws of mass, linear momentum, and energy were modified to include the Hartmann and Hall effects of magnetohydrodynamics, and variable viscosity of the fluid was solved numerically using the successive linearization method together with the Chebyshev collocation method. Graphical results for the velocity and temperature were presented and discussed for various physical parametric values. The effects of the main physical parameters of the problem on the skin friction and the local Nusselt number were shown in Tabular form. It was found that the skin coefficient −f 0 is increased as the variable viscosity parameter, Hartmann number, unsteadiness parameter, or the Prandtl number is increased. It was found, however, to decrease as the thermal diffusivity parameter or the Hall parameter increases. The local Nusselt number −θ 0 was found to be decreasing as the values of the variable viscosity parameter, thermal diffusivity parameter, or Hartmann number increase and to be increasing with increasing the values of the Hall parameter, unsteadiness parameter, or the Prandtl number.
It is hoped that, with the help of our present model, the physics of flow over stretching sheet may be utilized as the basis of many scientific and engineering applications and experimental work.
